A relativistic electron beam propagating through an annular plasma sheath is subject to a transverse plasma-electron coupled electrostatic instability. From the linearized fluid equations, the beam-sheath interaction is resolved into three coupled equations. The corresponding wakefield is computed and the asymptotic linear evolution is noted. For illustration, numerical examples are given for a plasma accelerator employing such a sheath. While the coasting beam scalings are quite severe at low energy, single-bunch instability growth can in fact be reduced to nil, for a very high-gradient accelerator.
A relativistic electron beam propagating through an a n n u l a r plasma sheath is subject to a transverse plasma-electron coupled electrostatic instability. From the linearized fluid equations, t h e beam-sheath interaction is resolved into three coupled equations.
The corresponding wakefield is computed and the asymptotic linear 
I. INTRODUCTION
Much current work in accelerator and radiation research focuses on the propagation of intense electron beams through plasma. Stability against transverse beam b r e a k -u p 1 is critical i n such applications and is the subject of many works, treating resonant interaction with structure modes, 2 instability due to lossy walls, 3 image return current displacement due to gaps in the beamline 4 a n d
beam-plasma interactions such as ion-hose 5 and resistive hose. 6 Until recently less attention has been given to the transverse t w o -s t r e a m instability 7 ,8 arising from the presence of a low energy electron population in the beamline.
Sources of such excess electrons in the beamline include b e a m ionization, 9 multipactor, 10 and laser-ionization. Applications such a s ion-focused transport 1 1 and laser-wakefield acceleration 1 2 or p l a s m awakefield acceleration 1 3 can all access a regime in which an a n n u l a r plasma surrounds an electron beam as it propagates down the b e a m tube.
In this work, transverse beam break-up due to an idealized uniform density finite plasma sheath is considered for a cylindrical geometry. In Sec. II the transverse problem is formulated in terms of three coupled equations describing the beam-sheath interaction. I n Sec. III the wakefield is computed, and in Sec. IV, instability growth is examined. In Sec. V, some conclusions are offered.
II. COUPLED BEAM-SHEATH EQUATIONS
The equilibrium configuration is depicted in Fig. 1 , consisting of an annular plasma sheath with inner radius b 1 , and outer radius b 2 , contained within a perfectly conducting pipe of radius R. Return currents within the plasma are neglected in the limit of large plasma skin depth, and the plasma is assumed collisionless and initially uniform within the annulus. The beam is assumed to be uniform o u t to radius a, with prescribed linear focusing characterized by b e t a t r o n wavenumber k β .
The plasma equilibrium is maintained by a background of ions uniform within the annulus and assumed fixed (i.e., infinitely massive). Such an equilibrium is rather idealized, but approximates the situation of interest in a number of applications, the two m o s t prominent being (1) a laser-formed channel, 1 4 and (2) an electronbeam formed channel in a pre-formed plasma. 13 In the case of t h e laser-formed channel, the plasma gradient is produced by expansion of the plasma following the laser pulse. For the b e a m -f o r m e d channel, the plasma annulus would result from laser ionization 15 of a column of radius b 2 , followed by expulsion of plasma electrons b y the electron-beam. In this case, b 1 is the "neutralization radius", i.e., the radius such that the enclosed ion-charge is sufficient t o neutralize the beam electrostatic field. Using Gauss's law one c a n
, where k p is the plasma w a v e n u m b e r , We consider the effect of a perturbation to the beam centroid in the form of a small displacement, ξ, in the x-direction, as depicted in Fig. 2 . The perturbation to the beam charge density is t h e n ρ b 1 = − e n b ξδ ( a − r ) cos θ where θ is the azimuth and δ is the Dirac delta function.
Maxwell's equations are most simply expressed in terms of t h e perturbed vector potential A z and the "pinch potential" ψ ≡A z -φ, w i t h φ the perturbed scalar potential. The Lorentz gauge is assumed a n d the "frozen-field" approximation is enforced, with which t h e D'Alembertian operator is replaced by the transverse Laplacian ∇ ⊥ 2 and radiative effects are neglected, corresponding to the limit
Maxwell's equations reduce to
The perturbed plasma electron charge density, ρ e1 , is determined from the potentials through the electron cold-fluid equations,
where r V e is the plasma-electron velocity, and t is time.
To close this system one needs the Lorentz force law describing the deflection of the beam centroid ξ. This takes the form
where γ is the Lorentz factor for the beam, c is the speed of light, a n d the z-derivative is taken with the "beam coordinate" τ=t-z/c fixed.
Henceforth we will use variables z,τ rather than z,t. Thus the b e a m centroid ξ=ξ(z,τ) varies along the beam (in τ) and varies along t h e beamline (in z) due to focusing, acceleration, and electrostatic deflection by the plasma sheath.
We proceed by rewriting the fluid equations as 
In this form it is clear that ρ e1 consists of polarization layers located at the discontinuities in ρ e0 , i.e., at r=b 1 and r=b 2 . Thus 
here j=1,2 and ω 0 = ω p /2 1/2 , with ω p =k p c the plasma frequency. T h e bar indicates an average of the (discontinuous) derivatives at t h e surface.
Having determined the beam and annulus response to t h e fields, in Eqs. (4) and (7), it remains only to determine the fields i n 
where the parameters A, B, and C are determined from t h e conducting boundary condition at A z (R)=0, continuity at r=a, and t h e discontinuity in derivative specified by Eq. (1). The result is
( 1 1 ) The pinch potential takes the form 
) ( 1 7 ) 9
With these expressions in hand, it is straightforward t o compute φ. With some algebra we have ( 1 8 ) 
where we abbreviate ω ω 
where the coefficients are These equations are coupled to that for the beam
where the constants Equations (24), (25) and (29) provide a complete description of t h e linear evolution of the electron-hose instability in an annular s h e a t h geometry, in the large skin-depth limit.
III. WAKEFIELD FORMULATION
To understand the behavior of this system, consider first t h e homogeneous problem with ξ=0, corresponding to a freely vibrating sheath. For a perturbation varying as η 1 , η 2 ∝exp(-iωτ), Eqs.(24) a n d ( 3 2 ) The solutions for the eigenfrequencies take the form Next we solve for the response of the system to a s h a r p impulse, ξ=δ(τ). For τ>0, the solution must be a superposition of t h e eigenmodes of the homogeneous system, with displacements vanishing at τ=0. Thus 3 7 ) and in terms of ρ ± this is b r e a k -u p , where the Green's function G is just a sum of the wakefields excited in each mode, ( 4 3 ) More explicitly this can be written as, ( 5 0 )
IV. SINGLE-BUNCH BEAM BREAK-UP
To calculate the asymptotic growth we will specialize to t h e case of a bunch much shorter than the natural periods of t h e wakefield ("single-bunch beam breakup"). 
w h e r e 
( 6 1 Table 1 . To check these scalings we solve Eq.
(41) numerically with results indicated in Fig. 3 . The analytic results are the dashed curves overlayed in Fig. 3 and they are almost indistinguishable from the numerical results. Evidently only in t h e lower gradient case is the instability cause for concern.
V. CONCLUSIONS
Transverse two-stream instability in an annular plasma geometry has been analyzed in the limit of low plasma r e t u r n current. Asymptotic growth for an accelerated beam has b e e n computed for several illustrative examples and compared to m o r e exact numerical results giving good agreement. While the coasting beam scalings appear quite severe at low energy, single-bunch instability growth can in fact be reduced to nil, for a very highgradient accelerator. 
